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In the previous multiscale finite-volume (MSFV) method, an efficient and accurate multi-
scale approach was proposed to solve the elliptic flow equation. The reconstructed fine-
scale velocity field was then used to solve the nonlinear hyperbolic transport equation
for the fine-scale saturations using an overlapping Schwarz scheme. A coarse-scale system
for the transport equations was not derived because of the hyperbolic character of the gov-
erning equations and intricate nonlinear interactions between the saturation field and the
underlying heterogeneous permeability distribution. In this paper, we describe a sequen-
tial implicit multiscale finite-volume framework for coupled flow and transport with gen-
eral prolongation and restriction operations for both pressure and saturation, in which
three adaptive prolongation operators for the saturation are used. In regions with rapid
pressure and saturation changes, the original approach, with full reconstruction of the
velocity field and overlapping Schwarz, is used to compute the saturations. In regions
where the temporal changes in velocity or saturation can be represented by asymptotic lin-
ear approximations, two additional approximate prolongation operators are proposed. The
efficiency and accuracy are evaluated for two-phase incompressible flow in two- and
three-dimensional domains. The new adaptive algorithm is tested using various models
with homogeneous and heterogeneous permeabilities. It is demonstrated that the multi-
scale results with the adaptive transport calculation are in excellent agreement with the
fine-scale solutions. Furthermore, the adaptive multiscale scheme of flow and transport
is much more computationally efficient compared with the previous MSFV method and
conventional fine-scale reservoir simulation methods.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

Multiscale flow in natural porous media has been extensively investigated from the pore scale (�10 lm) to geological
scales; however, translating the physical phenomena and their mathematical representations across scales is not well estab-
lished and is an active research area. This paper is concerned with the development of an efficient multiscale algorithm that
can be used to simulate flow and transport in highly detailed reservoir models. We assume that the Darcy based represen-
tation of the physics is valid for the reference fine-scale.

The quality of the predictions obtained from flow simulations depends strongly on the ability of the reservoir model to
represent the complex heterogeneity of the properties that control the flow dynamics in natural porous media. The perme-
ability of natural geologic formations displays high variability levels and complex structures of spatial heterogeneity that
. All rights reserved.

x: +1 925 842 6283.
huizhou@stanford.edu (H. Zhou), tchelepi@stanford.edu (H.A. Tchelepi).

http://dx.doi.org/10.1016/j.jcp.2009.09.009
mailto:seon@chevron.com
mailto:huizhou@stanford.edu
mailto:tchelepi@stanford.edu
http://www.sciencedirect.com/science/journal/00219991
http://www.elsevier.com/locate/jcp


S.H. Lee et al. / Journal of Computational Physics 228 (2009) 9036–9058 9037
span a wide range of length scales [9]. As a result, there has been strong emphasis on characterizing the reservoir properties
(permeability) in great detail and on developing efficient solution schemes for coupled multiphase flow and transport in geo-
metrically complex and highly heterogeneous reservoir models.

Recent advances in multiscale methods show great promise in simulating complex flow dynamics in strongly heteroge-
neous domains. Current multiscale methods usually employ two scales. Hou and Wu [14] introduced a multiscale finite-ele-
ment method as an efficient algorithm to solve elliptic problems. In order to reduce the resonance effect of the boundary
conditions, they also devised an over-sampling technique. Later Chen and Hou [7] presented a multiscale formulation based
on mixed finite-element methods and demonstrated clearly that a locally conservative scheme is a necessary requirement
for accurate simulation of transport problems. Arbogast [2] and Arbogast and Bryant [3] proposed a multiscale mixed finite-
element method. To localize the problem, they applied a closure approximation that all the net flux between coarse elements
occurs on the coarse scale. Numerical Greens functions were employed to couple the fine-scale influence with the coarse-
scale effects. Chen et al. [6] developed a local-global upscaling method for flow in porous media. They used some global
information to update the boundary conditions for the local fine-scale problems and reconstructed the fine-scale velocity
field to compute the transport.

Jenny et al. [16–18] developed a multiscale finite-volume (MSFV) method for flow, as well as adaptive IMPES (Implicit
Pressure, Explicit Saturations) and sequential implicit methods for coupled multiphase flow and transport. The MSFV meth-
od solves flow (pressure and total-velocity) and transport (saturations) sequentially. The flow part uses a global pressure
solution on a coarse grid and local fine-scale basis functions to reconstruct the fine-scale pressure field. A second set of basis
functions is employed to reconstruct a locally conservative fine-scale velocity field. In the transport part, saturations are up-
dated using local fine domains, defined by the imposed primal coarse-grid, in an adaptive manner. The MSFV method is lo-
cally conservative with excellent scalability properties. The method has been proved to be accurate for problems that exhibit
high levels of permeability variation. Lunati and Jenny [21,22] investigated compressibility and gravity effects in the multi-
scale finite-volume method. Recently Lee et al. [19] extended MSFV to the black-oil formulation (three-phase flow with com-
pressibility, capillary pressure and gravity) by using operator splitting of the pressure equation.

Existing multiscale approaches for flow in porous media employ local basis functions, which capture the flow dynamics,
to construct a coarse-scale pressure equation. Once the global coarse system is solved, the fine-scale pressure field is recon-
structed using (possibly different) basis functions. And then the nonlinear hyperbolic (or parabolic) transport equation is di-
rectly, or iteratively, solved for the fine-scale saturation field.

Compared with the flow problem (elliptic pressure equation), development of coarse-scale operators for the nonlinear
transport problem (saturation equations) is much more challenging. The hyperbolic nature of the transport equation entails
prolongation and restriction operators that are strongly dependent on the history and nonlinear evolution of the saturation
field and involve complex interactions with the flow field and the underlying heterogeneous permeability distribution. These
complexities are particularly important when the correlation length of the permeability is much larger than the coarse-grid
size, which is often the case in natural large-scale formations. In the reservoir engineering community, the pseudo-relative
permeability approach has been proposed for upscaling multiphase flow in porous media. However, it has been documented
quite clearly that pseudo-relative permeabilities depend strongly on the boundary conditions, specific flow scenario, and sat-
uration history (time). As a result, there is growing consensus that the inaccuracy of pseudo-relative permeability functions
is too large to be accepted as a viable alternative to fine-grid simulation [4].

Recently, Efendiev and co-workers [11,12] proposed upscaling schemes, in which the sub-scale effects appear as a non-
linear nonlocal term in the coarse-scale saturation equation. Hou et al. [15] derived a mathematical framework for the
homogenized equations for the coupled pressure and saturation equations by projecting the fluctuation onto averages along
streamlines. They also resolved the limitation of small fluctuations in the quantities. Aarnes and Efendiev [1] recently pro-
posed two algorithms for the coarse-to-fine interpolator for the transport equations. In the local (first) approach, the coarse-
grid transport equation is solved with a fixed velocity field and somewhat arbitrary saturation boundary conditions. The
fine-scale saturation evolution provides the interpolation operator. In their global (second) approach, the local boundary
conditions for the transport equation are updated continuously using the global solution from the previous timestep. Their
first algorithm is somewhat similar to the traditional pseudo-relative permeability approach (i.e., multiphase upscaling with
a fixed velocity field). The local boundary conditions can be very different from the global solution and can incur significant
errors in the interpolation operation. Their second algorithm is more accurate than the first one; but the second algorithm is
only slightly less expensive than full simulation on the fine-grid.

Zhou and Tchelepi [24] developed an operator-based algebraic multiscale framework to solve the pressure equation. They
show that the MSFV for the elliptic pressure equation [16] can be algebraically represented by prolongation and restriction
operators. In this paper, those same operators are used for the pressure equation. Here, we propose adaptive prolongation
operations for the transport equation based on the observation that the saturation changes in a coarse cell can be expressed
using asymptotic expansions, once the rapidly moving saturation front sweeps through the local region (e.g. Buckley–Lev-
erett saturation front [20]). For regions with relatively slow evolution of the saturation field, linear interpolation operators
are constructed and used instead of the overlapping Schwarz method on the primal coarse-grid used by Jenny et al. [18]. We
propose a criterion to switch from the Schwartz-overlap method to the linearly interpolated prolongation operators for con-
structing the saturation field. We propose two approximate prolongation algorithms: (1) a conservative fine-scale algorithm
that first interpolates the local velocity field and then updates the fine-scale saturation, and (2) a conservative coarse-scale
algorithm that directly interpolates the coarse-scale saturation changes to the fine-scale. The adaptive transport algorithm
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described here is designed to obtain an accurate fine-scale solution. In comparison, the purpose of Aarnes and Efendiev [1] is
not to get fine-scale details, but rather to introduce a flexible mechanism to model the flow on the coarse scale more cor-
rectly. As a result, it is noted that the error norms of the fine-scale saturations in this paper are smaller than those of Aarnes
and Efendiev [1].

The paper is organized as follows. In Section 2, we first describe the governing equations for two phase flow and transport.
The discrete forms of the flow and transport equations are also derived. In Section 3, a general mathematical framework is
presented to describe restriction and prolongation operations that represent the multiscale formulation for both pressure
and saturation. In Section 4, we use the prolongation and restriction operators for pressure described by Zhou and Tchelepi
[24], and we propose three adaptive prolongation operators for the saturation, depending on the history of saturation devel-
opment at a given location. In Section 5, we discuss algorithmic issues for this adaptive multiscale finite-volume strategy and
summarize the new approach. Numerical examples are presented in Section 6. In the last section, we give some concluding
remarks and outline future directions.

2. Governing equations and discretized formulation

We study two phase, incompressible flow in a heterogeneous domain X,
U
@So

@t
� @

@xi
k

kro

lo

@p
@xi

� �
¼ �qo; ð1Þ

U
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@t
� @

@xi
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� �
¼ �qw; ð2Þ
where p is the pressure, Sa are the saturations (the subscript a stands for phase; o for oil and w for water) with 0 6 Sa 6 1 and
So þ Sw � 1; k is the heterogeneous permeability, kra are the relative permeabilities (which are functions of Sa), la the vis-
cosities and qa are source terms that represent the wells. Here, U denotes porosity and t time. For the rest of the paper we use
S ¼ So. The permeability k is, in general, given as a tensorial function of spacial position, but for simplicity, k is assumed to be
strongly heterogeneous but locally isotropic. We assume that capillary pressure, gravity, and compressibility are negligible.
Equivalently, Eqs. (1) and (2) can be rewritten as
r � krp ¼ qo þ qw; ð3Þ

U
@S
@t
þr � ðfouÞ ¼ �qo; ð4Þ
on X, and the total-velocity becomes
u ¼ �krp ð5Þ
with the total mobility and oil-phase fractional flow given by
k ¼ kðko þ kwÞ; ð6Þ

fo ¼
ko

ko þ kw
; ð7Þ
where ka � kra=la for a 2 fo;wg. The permeability heterogeneity is a dominant factor that dictates the flow behavior in nat-
ural porous formations. The heterogeneity of permeability k is usually represented as a complex multiscale function of space.
Moreover, as k tends to be highly discontinuous, resolving the spatial correlation structures and capturing the variability of
permeability requires highly detailed descriptions.

On the boundary @X, either pressure p, or the flux u � n is specified, where n is the unit-normal vector pointing outward.
Eqs. (3) and (4) are a representative description of the type of system that must be handled efficiently by a subsurface flow
simulator. Note that the ability to handle the limiting case of incompressible flow ensures that compressible systems can
also be solved because compressibility tends to make the overall system of equations less stiff.

The discrete form of Eq. (3) for cell i becomes
X
j2@i

kijtijðpj � piÞ ¼ qo;i þ qw;i: ð8Þ
Here, @i denotes the neighboring cells of cell i; and kij and tij denote the mobility and transmissibility at the interface of cells i
and j, respectively. The source/sink terms qo;i and qw;i are the integral strength of source/sink of the oil and water phases in
cell i, respectively. The discretized transport equation becomes
UVi

Dt
Snþ1

i � Sn
i

� �
þ
X
j2@i

fo;ijuij ¼ �qo;i; ð9Þ
where Vi denotes the volume of cell i and Dt the timestep size. The discrete velocity at the interface of cells i and j is given by
uij ¼ tijkijðpi � pjÞ: ð10Þ
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3. Restriction and prolongation operators

Zhou and Tchelepi [24] developed an algebraic multiscale framework to solve the pressure equation, where the main idea
is to cast the multiscale scheme using algebraic operators, namely, prolongation and restriction. For the MSFV method, the
prolongation operator is assembled from the (dual) basis functions and the restriction operator is piecewise constant, which
guarantees mass conservation on the coarse scale. Using this algebraic framework, multiscale formulations for the flow prob-
lem can be described as special two-level multigrid schemes with specific choices of the prolongation and restriction oper-
ators, in which pre- or post-smoothing is not (usually) performed. In this section, we describe a multiscale method using
general prolongation and restriction operators for both flow and transport. In the next section, these operators will be de-
scribed in detail for the MSFV method.

Let us denote the original fine-scale domain as Xh and the coarse-scale domain as XH with H� h. The Xh and XH repre-
sent not only the space with grid scale h and H, respectively, but also the space of vectors defined on that grid. The linearized
pressure equation and the nonlinear saturation equation for Xh can be written as
Lhph þ qh ¼ 0 for ph 2 Xh; ð11Þ
AhðShÞ þ rh ¼ 0 for Sh 2 Xh: ð12Þ
The pressure equation is linear; whereas the saturation equation is a nonlinear equation because of the nonlinear functional
dependency of fractional flow on saturations (i.e., the nonlinear operator A in Eq. (12)). The qh denotes the source/sink term
and rh the right hand side of the saturation equation. The nonlinear Eq. (12) will be iteratively solved by Newton’s method.

The prolongation operator for pressure is defined by
ph ¼ Ih;P
H pH: ð13Þ
Then the restriction operator is applied to Eq. (11), and we obtain the following coarse-scale operator:
RH;P
h LhIh;P

H pH þ RH;P
h qh ¼ 0: ð14Þ
The coarse-scale operator is thus given by
LH;P ¼ RH;P
h Lh;PIh;P

H ; ð15Þ
Eq. (14) can be written in terms of coarse-scale quantities as follows:
LH;PpH þ qH ¼ 0 for pH 2 XH: ð16Þ
Similarly, we can define the prolongation operator for saturation:
Sh ¼ Ih;S
H SH: ð17Þ
Again, the restriction operator is applied to Eq. (12):
RH;S
h AhðIh;S

H SHÞ þ RH;S
h rh ¼ 0 for SH 2 XH: ð18Þ
Eq. (18) can be rewritten as a coarse-scale operator using s as the correction due to the nonlinearity of A:
AHðSHÞ þ RH;S
h rh � sH

h ¼ 0 for SH 2 XH; ð19Þ
where AH is the coarse-scale operator and the correction, sH
h [5], is defined by
sH
h ¼ AHðRH;S

h ShÞ � RH;S
h AhðShÞ: ð20Þ
4. Multiscale finite-volume approximation

4.1. Restriction and prolongation operators for pressure

A conforming coarse-grid with N nodes and M cells is imposed on the original fine-grid (see Fig. 1). Each coarse cell,
XH

i ði 2 f1; . . . ;MgÞ, is composed of multiple fine cells. A dual coarse-grid, conforming to the fine-grid, is constructed such
that each dual coarse cell, XD

j ðj 2 f1; . . . ;NgÞ, contains exactly one node of the coarse-grid in its interior. The dual coarse-grid
has M nodes, xi ði 2 f1; . . . ;MgÞ, each in the interior of a coarse cell XD

i . Each dual cell has Nc corners (four in two dimensions
and eight in three dimensions). A set of dual basis functions, Hi

j, is constructed; one for each corner i of each dual coarse cell
XD

j .
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Fig. 1. Problem domain partitioned into a primal (solid lines) and dual coarse-grid (dashed line).
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Numerical basis functions are constructed for the dual coarse-grid ðXDÞ in Fig. 1. Four dual basis functions, Hi ði ¼ 1;4Þ (8
basis functions for 3-d) are constructed for each dual coarse cell by solving the elliptic problem
r � krHi
j

� �
¼ 0 on XD

j ð21Þ
with the boundary condition
@

@xt
k � rHi

j

� �
t
¼ 0 on @XD

j ; ð22Þ
where xt is the coordinate tangent to the boundary of XD
j . The value at the node xk in XD

j is given by
Hi
jðxkÞ ¼ dik ð23Þ
where dik is the Kronecker delta. By definition Hi
jðxÞ � 0 for x R XD

j .
Once the basis functions are computed, the prolongation operator ðIh;P

H Þ can be expressed as
ph
j ðxÞ ¼ Ih;P

H pH ¼
X

i

Hi
jp

H
i ; for x 2 XD

j ; ð24Þ
where the fine-scale pressure is ph
j 2 Xh, and the coarse-scale pressure is pH

i 2 XH . The prolongation operator ðIh;P
H Þ is a linear

combination of the dual basis functions.
Zhou and Tchelepi [24] showed that to ensure mass conservation on the coarse scale, the restriction operator for the fi-

nite-volume method takes the form
RH;P
h ¼ 1 if Xh � XH;

0 otherwise:

(
ð25Þ
This restriction operator is simply the sum of the fine-scale conservation equations within a primal coarse cell. Other forms
of the restriction operator can be used, i.e., a Galerkin type of restriction operator would be
RH;P
h ¼ Ih;P

H

� �T
: ð26Þ
The coarse-scale operator is then naturally constructed from Eq. (15). Zhou and Tchelepi [24] showed that when the finite-
volume type of restriction operator as in Eq. (25) is used, the resulting coarse-scale system is exactly the same as that of the
multiscale finite-volume method [16].

The coarse-scale pressure, pH , is then obtained by solving the global coarse-scale system Eq. (16); the fine-scale pressure
is then reconstructed linearly using the prolongation operator of Eq. (24).
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4.2. Restriction and prolongation operators for saturation

For saturation, we use the conservative restriction operator used for pressure, namely,
RH;S
h ¼ RH;P

h : ð27Þ
To maintain mass conservation on the coarse and fine-scales, the coarse-scale saturation is naturally defined as the volume
average saturation for each primal coarse cell:
SH
i ¼

1
Vi

X
‘2XH

i

v ‘S
h
‘ ; ð28Þ
where v ‘ is the volume of fine cell ‘, and Vi is the volume of coarse cell i. If the fine-scale total-velocity is given, the nonlinear
fine-scale saturation operator can be written as
Ah
i ðS

hÞ ¼
X
j2@i

ko Sh
o;ij

� �
ko Sh

o;ij

� �
þ kw Sh

w;ij

� �uij � bi Sh;nþ1
i � Sh;n

i

� �
: ð29Þ
Here,
bi ¼
UVi

Dt
: ð30Þ
The S;ij and uij denote the upwind saturation and the total-velocity between cells i and j, respectively. Furthermore, the
coarse-scale total-velocity and fractional flow are defined as:
UH
ij ¼

X
‘2@XH

ij

uh
‘ ; ð31Þ

FH
ij ¼

1
UH

ij

X
‘2@XH

ij

f ðSh
‘ Þuh

‘ : ð32Þ
There are two main difficulties in constructing multiscale solutions for saturation compared with those for pressure. First, it
is practically impossible to construct basis functions for saturation by solving local problems, as we do for pressure. With the
propagation of the saturation field, the local saturation distribution changes dramatically as a function of time. Therefore, it
is quite hard to define a general prolongation operator for saturation. The other difficulty is that the fractional flow curve
f Sh

‘

� �
is a strongly nonlinear function of saturation (i.e., S-shaped), and in addition, multiphase flow effects interact with

the underlying heterogeneous permeability field in a complex manner. The coarse-scale fractional flow FH
ij is, in general, a

nonlinear function that cannot be presented solely as a function of the coarse-scale saturation, SH . As a result, the coarse-
scale saturation operator cannot be derived directly using simple restriction and prolongation operators.

In a displacement process, the injected fluid moves from an injection well toward a production well, in which a Buckley–
Leverett-like saturation distribution will be established with complex interactions of the saturation front with the underly-
ing heterogeneity in permeability. Typical saturation profiles at times t and t þ Dt for a 1D problem are shown in Fig. 2.

The Buckley–Leverett profile motivates the design of an adaptive algorithm in which, for the time interval of interest, the
domain is divided into three regions: (1) Region 1 where the injection fluid has not reached, (2) Region 2 where an injection
front encroached and the saturation of the injection fluid increases rapidly, and (3) Region 3 where the saturation distribu-
tion in the fine-scale cells contained in a given coarse cell is mostly established after the sharp front has moved through. The
Fig. 2. Typical Buckley–Leverett saturation profiles at time t and t þ Dt for a 1D problem.
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saturation change is slow in the expansion fan of the Buckley–Leverett profile [20]. Therefore, the idea is to construct an
approximate coarse-scale saturation solution that can be used to decompose the domain into three regions for the time
interval of interest. Then different prolongation operators are defined and used adaptively in the different regions.

If the saturation in a coarse cell increases, or decreases, monotonically after the saturation front has moved through, we
can estimate the coarse-scale fractional flow curve from the saturation changes of the previous time step, or iteration. Let us
express the saturation change in a fine cell as a fraction of the coarse-grid saturation change as
n‘ ¼
dSh

‘

dSH
i

for ‘ 2 XH
i : ð33Þ
The fractional flow curve can be linearized as
f Sh
‘ þ dSh

‘

� �
’ f Sh

‘

� �
þ @f

@Sh
‘

n‘dSH
i ; ð34Þ

FH
ij SH

i þ dSH
i

� �
’ FH

ij SH
i

� �
þ dSH

i

UH
ij

X
‘2@XH

ij

@f

@Sh
‘

n‘u
h
‘ : ð35Þ
With the coarse-scale fractional flow, the coarse-scale nonlinear operator can be written as
AH
i ðS

HÞ � sH
h �

X
j2@H

i

UH
ij FH

ij � bi SH;nþ1
i � SH;n

i

� �
: ð36Þ
Here, @H
i denotes the neighboring coarse-scale cells to coarse cell i.

The coarse-scale saturation, SH , is obtained from Eq. (19) with Eq. (36); and as shown in Section 5.4 the three computa-
tional regions can be identified based on changes in the coarse-grid saturation and velocity. We now show how to adaptively
construct the fine-grid saturation field in the three regions using the various prolongation operators.

4.2.1. Prolongation Operator I
When the invading fluid moves into a coarse cell, sharp saturation changes accompanied by complex interactions with

the underlying heterogeneous permeability take place. In this situation, a conservative velocity field has to be constructed
before solving the transport problem. The construction of a conservative velocity field is described briefly here. A detailed
discussion can be found in Jenny et al. [16].

In this region with significant changes in saturation as a function of time, we do not have a rigorous prolongation operator
that allows us to avoid solving the local fine-scale transport problem. So, the fine-grid solution is computed using a block-
based Schwarz overlap method [18]. Because this amounts to full reconstruction, it is an accurate ‘prolongation’ scheme but
computationally expensive. As a result, we employ full-reconstruction adaptively only for regions, in which rapid saturation
changes are detected.

We solve Eq. (12) for the domain XH
i

Ah
i ðS

h;mþ1Þ þ rh;mþ1 ¼ 0 for Sh 2 XH
i ð37Þ
with the Neumann boundary conditions:
Sh;mþ1
‘ ¼ Sh;m

‘ ; uh;mþ1
‘ ¼ uh;m

‘ for ‘ 2 @XH
ij : ð38Þ
The superscript m indicates the iteration level and the approximation of Eq. (38) provides the localization of the problem so
that the equation can be solved for each coarse cell. From Eq. (28), the coarse-grid saturation can be computed readily from
the fine-grid saturation. This first method is locally conservative and accurate in constructing fine-grid saturations; however,
it entails several iterative implicit computations of saturations on the primal coarse cells with Neumann boundary condi-
tions to obtain a globally converged solution. Furthermore, this approach also involves an expensive process for constructing
a conservative velocity field.

4.2.2. Prolongation Operator II
The second method comprises two steps: (1) reconstruction of a locally conservative fine-grid velocity field using direct

interpolation of the coarse-grid velocity and (2) explicit computation of fine-grid saturations. Assume that the velocity dis-
tributions at the coarse and fine-grids are available from the previous time step, or the previous iteration ðmÞ: UH;m

i for coarse
cell i and uh;m

j for fine cell j 2 XH
i . From the coarse-grid solution of Eq. (16), we obtain a new coarse-grid velocity: UH;mþ1

i . If the
velocity does not change much, we can interpolate the coarse-grid velocity change to the fine-grid velocity at the new iter-
ation level. For Cartesian grids, the interpolation can be expressed in a simple form:
uh;mþ1
j ðxÞ ¼ uh;m

j ðxÞ þ UH;mþ1
i ðx0Þ � UH;m

i ðx0Þ þ
x� x0

x1 � x0
	 ðUH;mþ1

i ðx1Þ � UH;m
i ðx1Þ � UH;mþ1

i ðx0Þ þ UH;m
i ðx0ÞÞ; ð39Þ
where x=y ¼ ðx1=y1; x2=y2Þ, u	 v ¼ ðu1v1;u2v2Þ and x0 and x1 are the coordinates of the coarse grid at the bottom-left and
top-right corners, respectively. We can readily prove that if uh;m

j and UH;mþ1 are conservative on the fine and coarse grids,
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respectively, the interpolated fine-grid velocity, uh;mþ1
j , is also conservative on the fine-grid. Once the fine-grid velocity is esti-

mated, the saturation can be inexpensively computed using an explicit method:
Sh;mþ1
j ¼ Sh;m

j þ
Dt
v j

X
‘

uh;mþ1
‘ f ðSh;m

j Þ: ð40Þ
The stability of the explicit saturation calculation will be governed by the CFL number:
CFL ¼ uj

@f Sh
j

� �
@Sh

j

Dt
Dx

: ð41Þ
The CFL number should be less than one for stability of the explicit calculation [20]. If this algorithm is applied in the domain
where @f Sh

j

� �
=@Sh

j 
 1 (i.e., rarefraction behind the Buckley–Leverett front), the timestep size restriction will be small. If
there is a timestep size restriction due to stability, we can use local time stepping, or an implicit formulation:
Sh;mþ1
j ¼ Sh;m

j þ
Dt
v j

X
‘

uh;mþ1
‘ f Sh;mþ1

j

� �
: ð42Þ
4.2.3. Prolongation Operator III
We now devise a fast interpolation of saturation that is locally conservative on the coarse-grid. If the saturation distribu-

tion pattern does not change much between iterations, or timesteps, we can compute the fine-grid saturation from the
coarse-grid saturation change as follows:
Sh;mþ1
‘ ¼ Sh;m

‘ þ nldSH
i : ð43Þ
Here, we assume that the relative saturation change ðnlÞ does not vary much from the previous iteration. It is a reasonable
approximation for a coarse cell, in which the saturation changes are slow behind a steep saturation front. Clearly the accu-
racy of this interpolator depends on the assumption that nl does not vary much from the previous iteration. As will be shown
in the numerical examples, we can identify regions, where this simple interpolator can be safely applied to yield high numer-
ical efficiency and accuracy. Note that the above prolongation operator does not guarantee saturation conservation on the
fine-grid; however, the saturation field is conservative on the coarse grid. Nevertheless, the conservation errors are expected
to remain small and bounded because (1) the saturation field is conservative on the coarse-grid, and (2) this prolongation
operator is applied only in regions where the saturation changes slowly during the time interval of interest.

5. Algorithmic issues and summary

5.1. Fine-scale pressure for conservative velocity field

Jenny et al. [16,17] observed that the fine-grid velocity constructed by the coarse pressure pH
i and the dual basis functions

Hi
j yields local mass balance errors near the interfaces between coarse dual cells. They proposed a second set of basis func-

tions to construct a locally conservative fine-scale velocity field. Using the fine-scale fluxes obtained from the dual basis
functions as boundary conditions when computing the fine-scale basis functions is crucial for ensuring that the recon-
structed fine-scale velocity field is indeed conservative. The fine-scale fluxes, F, across a coarse cell are extracted from the
interior of dual volumes. The fine-scale basis functions (27 for 3-d and 9 for 2-d) were constructed by solving the pressure
equation with the boundary fluxes that were calculated from the dual basis functions for each node. There are two numerical
difficulties in this second basis function approach: first the computational cost is large because of the large number of second
basis function (27 for 3-d) and secondly the basis function method is limited to a linear system where the superposition prin-
ciple can be applied. Even though an adaptive method can be employed to eliminate unnecessary computation of the second
set of basis functions, the large number of basis functions may not be much more efficient than a direct method for comput-
ing the velocity and saturation fields for every time step, or iteration. Furthermore, a direct fine-scale simulation approach
does not require strict linearity of the governing equations and can be easily extended to include many nonlinear effects,
such as compressibility, capillary pressure, relative permeability, etc. [19].

From the coarse-scale pressure solution and the dual basis functions, we can construct the fine-grid pressure field in a
primal coarse cell, XH , as shown in Fig. 1. We apply the Neumann boundary conditions along the primal coarse-grid, @XH:
u0 ¼ u0o þ u0w ¼ �ko � rp� kw � rp ð44Þ
and solve Eq. (3) for the fine-scale velocity. In order to obtain a conservative velocity field u which conforms to u0, the
requirement:
u � n ¼ u0 � n ð45Þ
is imposed at the interfaces between coarse cells, where n is the interface unit-normal vector. The local fine-scale solution is
the solution of Eq. (3) with the local boundary conditions of Eq. (45) and the local pressure solution is readily converted to
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velocities. Note that when using Prolongation Operators II and III for the saturation transport equation, the fine-scale velocity
is either linearly constructed, or not computed at all. Thus significant gains in computational efficiency can be achieved by
using these operators.

5.2. Sequential implicit scheme

Jenny et al. [18] proposed a sequential fully implicit MSFV algorithm to solve problems of coupled multiphase flow and
transport. Each timestep consists of a Newton loop, and the multiphase flow problem is solved iteratively in two stages. First
in each Newton loop, the pressure equation is solved and the velocity field is constructed from the pressure solution as out-
lined in the previous subsection and explained in detail by Jenny et al. [17,18] and Tchelepi et al. [23]. Then, the transport
equation is solved on the fine-grid by using the reconstructed fine-scale velocity field u. Using a Schwarz-overlap method,
the transport problem is solved locally on each coarse cell using an implicit phase-based upwinding scheme. The saturations
from the neighboring coarse cells at the previous iteration level are used as boundary conditions. Once the transport equa-
tion is converged, the new saturation distribution determines the total-mobility field for the elliptic problem of the next
Newton iteration. The sequential implicit MSFV method has been tested for highly detailed and stiff problems, and the com-
putational experience indicates that the coupling scheme is quite robust even for aggressive time stepping. Here, we employ
the sequential fully implicit algorithm of Jenny et al. [18]. However, we adaptively construct the fine-sale fields for pressure,
velocity, and saturation as described in the previous section. This adaptive multiscale approach for both flow and transport
allows us to achieve high computational efficiency without compromising solution accuracy or numerical stability.

5.3. Adaptive scheme for pressure

The most expensive part of the implicit MSFV algorithm for multiphase flow is the reconstruction of the dual basis func-
tions, which serve as the prolongation operator for the pressure equation. Therefore, to obtain a high efficiency, it is desirable
to recompute these basis functions only when and where it is absolutely necessary. Jenny et al. [17] developed an adaptive
scheme to update these basis functions, in which if the condition
1
1þ �k

<
km

ko < 1þ �k ð46Þ
is not fulfilled for all the fine cells inside a coarse dual cell, then the dual basis functions associated with the coarse cell must
be reconstructed. Here, ko denotes the total-mobility when the basis functions were last updated and km denotes the total-
mobility at the current iteration. The �k ð> 0Þ is a user defined value. Note that condition (46) is true, if k changes by a factor
that is larger than 1=ð1þ �kÞ and smaller than ð1þ �kÞ. Of course, these numbers depend on the user defined threshold �k. In
general, a smaller threshold triggers more fine cells, and as a consequence more basis functions are recomputed each time
step. For a wide variety of test cases, Jenny et al. [17] found that taking �k to be <0.2 yields marginal changes in the obtained
results, and that the fraction of basis functions need to be reconstructed is quite small. In all the numerical examples in this
paper, we use �k ¼ 0:2 for updating the dual basis functions.

5.4. Adaptive scheme for saturation

As discussed in Section 4.2, we do not need to compute the fine-scale saturation in Region 1 because there the change in
the saturation field over the time interval of interest is negligible. On the other hand, Region 2 entails the most rigorous (and
costly) algorithm, Prolongation Operator I, which does not require information regarding the saturation history. In Region 3,
an approximate linear interpolator, Prolongation Operators II or III, is used. Prolongation Operator II is more expensive than
Fig. 3. A schematic diagram of the prolongation and restriction operators.
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Fig. 4. Pressure distribution at t ¼ 0:2 PVI in Case 1 with homogeneous permeability.
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Fig. 5. Saturation distribution at t ¼ 0:2 PVI for Case 1 with homogeneous permeability.

1500 1600 1700 1800 1900 2000 2100 2200 1500 1600 1700 1800 1900 2000 2100 2200 1500 1600 1700 1800 1900 2000 2100 2200

Fig. 6. Pressure distribution at t ¼ 0:8 PVI for Case 1 with homogeneous permeability.
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Prolongation Operator III, but it yields a locally conservative fine-scale saturation, whereas Prolongation Operator III is only
locally conservative on the coarse scale. We, thus, need to have a good criterion to use Operator III for Region 3 in order to
ensure that the conservation errors on the fine scale are bounded and small.
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Fig. 7. Saturation distribution at t ¼ 0:8 PVI for Case 1 with homogeneous permeability.
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Fig. 8. Adaptive saturation computation at three times for Case 1: the white and black squares, respectively, denote the regions where Prolongation
Operators I and II are used, at least once, during the iterative saturation computation of the particular time step.

Table 1
Error norms and adaptivity statistics for Case 1 with homogeneous permeability: ep and es are L2 error norms for pressure and saturation, respectively. The fp

denotes the fraction of updated pressure basis functions employed from the initial time to the current time step. The fI and fII , respectively, denote the fraction
of Prolongation Operators I and II employed in the transport computations from the initial time to the current time step.

t (PVI) ep es fp ð%Þ fI ð%Þ fII ð%Þ

MSOM MSAT MSOM MSAT MSOM MSAT MSAT MSAT

0.2 1.46e�3 1.46e-3 3.54e�3 3.54e�3 3.31 3.88 10.67 4.55
0.6 1.24e�3 1.07e�3 3.03e�3 5.43e�3 2.89 2.85 7.56 21.42
0.8 1.03e�3 8.40e�4 2.70e�3 6.73e�3 2.50 2.24 6.01 26.00
1.0 9.17e�4 7.42e�4 2.36e�3 8.68e�3 2.17 2.16 4.85 25.38
1.2 8.40e�4 6.94e�4 2.14e�3 1.04e�2 2.05 2.06 4.15 24.15
1.5 7.70e�4 6.69e�4 1.90e�3 1.31e�2 1.95 1.95 3.44 22.13
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To identify the transitions between Regions 1, 2 and 3, we employ criteria based on changes in the coarse-scale velocity
and saturation fields, which are readily available from the coarse-scale solutions of pressure (Eq. (16)) and saturation (Eq.
(19)). The transition from Region 1 to 2 in coarse cell i is detected using the following simple condition
kDSH
i k > D1; ð47Þ
and the transition from Region 2 to 3 is identified by the changes in both saturation and velocity:
kDSH
i k < D2 and

DUH
i

UH
i

�����
����� < D1

v for UH
i

��� ��� > �v or DUH
i

��� ��� < D2
v for UH

i

��� ��� 6 �v

 !
: ð48Þ
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Fig. 9. Cumulative oil recovery and oil fraction for Case 1.
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Fig. 10. Log-normal permeability field of Case 2.
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Fig. 11. Pressure distribution at t ¼ 0:2 PVI in Case 2 with log-normal permeability.
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Fig. 12. Saturation distribution at t ¼ 0:2 PVI in Case 2 with log-normal permeability.
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Fig. 13. Pressure distribution at t ¼ 0:8 PVI in Case 2 with log-normal permeability.
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Next, a criterion is needed to choose between Operators II and III for Region 3. If the relative saturation change nl in Eq. (33)
dose not vary much, Operator III should yield small fine-scale saturation errors. A variable that gauges the changes in n for
each coarse cell is introduced:
Table 2
Error no

t (PV

0.2
0.6
0.8
1.0
1.2
1.5

0

0

Fig. 15.
Operato
Ni �
maxfnl;ig
minfnl;ig

for l 2 XH
i : ð49Þ
rms and adaptivity statistics for Case 2 with log-normal permeability: the variables are defined in the caption of Table 1.

I) ep es fp ð%Þ fI ð%Þ fII ð%Þ

MSOM MSAT MSOM MSAT MSOM MSAT MSAT MSAT

1.01e�2 9.87e�3 3.89e�2 3.90e�2 2.30 2.19 7.72 5.34
9.38e�3 9.73e�3 3.49e�2 3.98e�2 2.35 2.32 6.36 20.59
9.10e�3 9.66e�3 2.99e�2 3.96e�2 2.11 2.10 5.23 23.69
8.12e�3 8.54e�3 2.33e�2 3.34e�2 1.94 1.92 4.40 23.91
7.00e�3 7.28e�3 2.01e�2 3.26e�2 1.75 1.74 3.86 23.05
6.15e�3 6.31e�3 1.90e�2 3.29e�2 1.55 1.54 3.29 21.49
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Fig. 14. Saturation distribution at t ¼ 0:8 PVI in Case 2 with log-normal permeability.
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Adaptive saturation computation for three time steps in Case 2: the white and black squares, respectively, denote the region where Prolongation
r I and II was applied, at least once, in iterative saturation calculation of the time step.
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When the condition
DNi < Dn ð50Þ
is satisfied in Region 3, Operator III is used.
Note that if these criteria become very restrictive, the transport equation will be solved using Prolongation Operator I,

which is identical to the original full reconstruction algorithm of Jenny et al. [18]. As the criteria get softer, computational
efficiency improves, but the errors are expected to increase. This is a challenging area of ongoing research.

5.5. Algorithm summary

A schematic diagram of the prolongation and restriction operators for pressure and saturation is shown in Fig. 3. Hajibeygi
et al. [13] recently proposed an iterative MSFV based on this sequential implicit framework. Our adaptive MSFV algorithm
can be summarized as follow:

A. Impose primal and dual coarse-grids; construct the restriction operators for pressure and saturation from Eqs. (25) and
(27).

B. Pressure Solution

(1) Derive the basis functions ðHÞ from Eq. (21) and local boundary conditions Eqs. (22) and (23).
(2) Assemble the prolongation operator for pressure from Eq. (24).
(3) Construct the coarse-grid pressure equation from Eqs. (15) and (16), and then solve for the coarse-grid pressure pH .
(4) Construct fine-scale pressure in Eq. (24), ph, from the coarse pressure pH and the basis functions.
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Fig. 16. Cumulative oil recovery and oil fraction in production (oil cut) in Case 2.
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Fig. 17. The permeability field extracted from the top layer of SPE10 permeability model.
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C. Saturation Solution

(1) Compute coarse-grid saturations from Eqs. (19) and (36).
(2) Based on coarse-grid velocity and saturation changes, identify Regions 1,2,and 3, using the criteria, Eqs. (47) and

(48). Further, the criterion Eq. (50) is applied to decide the interpolation algorithm for velocity or saturation in
Region 3.

(3) The reconstruction of ph can be omitted for Regions 1 and 3.
(4) For Region 2, construct the Neumann boundary conditions for the primal dual grid from the fine-scale pressure

solution, phðxÞ, as described in 5.1. The pressure solution will yield a conservative fine-scale phase velocity, uh.
(5) With the computed phase velocities on fine-scale, the phase transport equation are solved for Region 2 and

Region 3 with DNi P Dn. Here, an explicit or implicit discretization scheme can be used.
(6) If the saturation changes in a coarse-grid is in the linear asymptotic domain (Region 3 with DNi < Dn), the trans-

port equation for the coarse-grid is solved only for the coarse-grid saturation and the fine-grid saturation will be
linearly interpolated, if necessary.
D. Using the new saturation distribution, the total-mobility field k is updated and the basis functions are recomputed
where necessary (which includes updating the effective coarse-scale transmissibilities). Here, an adaptive scheme
is applied.

E. If an implicit solution method is applied, one proceeds with the next Newton Raphson iteration by repeating steps B
through D until convergence is achieved.

F. The next time step is performed by updating variables and repeating steps B through E.
6. Numerical examples

Reservoir models with various boundary conditions (source/sink or Dirichlet boundary conditions) are employed in order
to test the proposed adaptive algorithm for both pressure and saturation. We studied two-phase flow in four reservoir
models: (1) a homogeneous reservoir, (2) a heterogeneous reservoir model with a moderate isotropic permeability correla-
tion length, (3) a highly heterogeneous media with relatively large anisotropic permeability correlation lengths and (4)
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Fig. 18. Pressure distribution at t ¼ so in Case 3 with Dirichlet boundary condition.
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three-dimensional, heterogeneous models with different grid numbers. The last example was chosen to demonstrate the
numerical efficiency gain by the adaptive transport algorithm. The numerical examples, except the third one, included
one injector and one producer at opposite corners of the model. The third example involved a linear displacement process
with constant pressure conditions at the inlet and outlet boundaries

The fluids are assumed to be incompressible and the quadratic relative permeability model is employed (kro ¼ S2
o and

krw ¼ S2
w). The viscosity ratio between the water and oil is 1:5 (unfavorable displacement). The nonlinear convergence toler-

ances for pressure and saturation are 1 psi and 10�4, respectively. In the adaptive transport algorithm, the transition criteria,
D1 ¼ 10�5 are chosen for the transition from Region 1 (before the invasion of the injection fluid) to Region 2 (a sharp satu-
ration change due to encroachment of the injection fluid); and D2 ¼ 10�2;D1

v ¼ 0:1;D2
v ¼ 10�4, and �v ¼ 10�4 are used for the

transition from Regions 2 to 3 (slow saturation change after the saturation front has moved through). Slightly different
thresholds of relative saturation change ðDnÞ are used in different reservoir models. We found that a highly heterogeneous
model requires a tight tolerance of Dn in order to maintain numerical accuracy: i.e., Dn ¼ 10�3 for the first two examples and
Dn ¼ 10�4 for the 10th SPE Comparative Model.

We take the fine-scale solution as reference, and the L2 norms of pressure and saturation errors are defined by
ep ¼
kpms � pf k2

kpinitk ; ð51Þ

es ¼ kSms � Sf k2: ð52Þ
Note that the pressure error norm ep is normalized by the initial pressure in Cases 1 and 2, but in the linear displacement
process of Case 3, we employ the pressure difference between the inlet and outlet boundaries to normalize ep.

6.1. Case 1: Homogeneous domain

We now consider a two-dimensional reservoir model of 700 ft � 700 ft with homogeneous permeability k ¼ 100 md.
Even though the domain is two-dimensional, the model is assumed to have a unit thickness (1 ft) in the third direction
for the convenience in specifying the operating conditions. The fine-scale grid, 70� 70, is uniformly coarsened into a
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Fig. 19. Saturation distribution at t ¼ so in Case 3 with Dirichlet boundary condition.



S.H. Lee et al. / Journal of Computational Physics 228 (2009) 9036–9058 9053
10� 10 coarse-grid. The upscaling factor is 49 as each coarse block comprises 7� 7 fine cells. The reservoir is originally sat-
urated with oil; water is injected to displace oil. We inject water from the upper left corner and produce in the lower right
corner. The initial reservoir pressure is 2000 psi. The water injection rate is constant at reservoir conditions (50 bbl/day) and
the reservoir fluid is produced at the same rate. The injection and production rates are evenly distributed in the coarse cells
(e.g. injection in the left upper coarse cell and production in the right lower coarse cell). Figs. 4–7 depict the pressure and
saturation at t ¼ 0:2 PVI and t ¼ 0:8 PVI(pore volume injected), respectively, computed by three different methods: (1)
the fine-scale method (FM), (2) the multiscale method without adaptivity of the transport computation (Schwartz-overlap
for transport, MSOM), and (3) the multiscale method with adaptive transport computation (MSAT) proposed in this paper.
The differences in pressure and saturation computed by the three methods in Figs. 4–7 are quite small.

In Fig. 8 the saturations, adaptively computed by MSAT, are shown for three different times. The white squares indicate
Region 2, in which Prolongation Operator I (Schwartz-overlap) is employed, at least once, in the iteration of pressure and
saturation calculations for the specific time step. Since the transport equation is nonlinear in saturation, multiple Newton
iterations are usually required. So, for a given time step, the prolongation operator can be switched from I to II during the
iterative process, if the saturation change becomes smaller than the transition criterion. The black squares in Fig. 8(a) indi-
cate Region 3, where Prolongation Operator II was used at least once during the time step. Note that Prolongation Operator I
is used mainly in the region around the sharp saturation front. Furthermore, Prolongation Operator II was employed if sat-
uration and total-velocity changes were small. Later in time, as the saturation distribution became well established in most
of the domain, Prolongation Operator III was widely employed in transport calculation. Note that determination of the Re-
gions is done automatically and adaptively by the simulator based on the computed transition criteria during the solution
process.

In Table 1 the L2 norms of MSOM and MSAT solutions, with respect to the reference solution (FM), are tabulated for various
time steps, and the adaptivity ratios in pressure and saturation calculations are also included. The fp denotes the fraction of
updated basis functions, fI the fraction of coarse blocks that need fine-scale transport calculation by Prolongation Operator I,
fII is the fraction of coarse blocks that employ Prolongation Operator II. All the adaptivity statistics are expressed as the aver-
age fraction computed from the initial condition up to the current time step. For instance, the fraction of coarse cells, in
which Prolongation Operator I was applied to compute the saturation field from t ¼ 0 to t ¼ 0:8 PVI was 6.01%.
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Fig. 20. Pressure distribution at t ¼ 4so in Case 3 with Dirichlet boundary condition.
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From this numerical example, we first note that pressure from the adaptive transport calculation of this paper (MSAT) is
as accurate as that from the original MSFV [18] without transport calculation adaptivity (MSOM). MSAT yields slightly higher
numerical errors in saturation computation than MSOM, but these errors are quite small. Numerical errors in cumulative oil
recovery and oil fraction in production curves are barely noticeable in Fig. 9. Secondly, the basis function updates for pres-
sure calculation continuously decrease as the front moves from the injection well to the production well. As the total-mobil-
ity change is, in general, smaller than the saturation change, the pressure changes during the displacement process are rather
small. As a result, a small percentage of basis functions is required to be updated (e.g. 1.95% in 1.5 PVI). Similarly, while the
total-velocity can be a strong function of location, it tends to change slowly in time, and for this example the velocity updat-
ing during this long injection period of 1.5 PVI is only 3.44%. By comparison, the saturation front experiences a large tran-
sition region as it moves from the injection well to the production well. The fraction of the coarse-grid model that
requires the original fine-scale transport calculation varies between 4.55% and 26.00%. Obviously, we could consider increas-
ing the adaptivity by relaxing the transition criteria (D1 and D2), but this is likely to lead to less accurate results.
6.2. Case 2: Mildly heterogeneous domain

In this second example, we consider a reservoir model with heterogeneous permeability field with moderate correlation
lengths. We employ the same setting as in the previous case, except that the permeability field is log-normal with a mean of
logarithmic permeability of 4 and a variance of 2. The dimensionless isotropic spatial correlation length is 0.2. The perme-
ability is generated by the Sequential Gaussian Simulation Method [10], and the resulting permeability field is depicted in
Fig. 10.

In Figs. 11–14, the pressure and saturation distributions at t ¼ 0:2 and t ¼ 0:8 PVI are respectively compared for three
different methods, FM, MSOM and MSAT. In the presence of highly varying and correlated permeability field, the water sat-
uration distribution exhibits a complex structure as demonstrated in Fig. 14, which contrasts with the simple, symmetric
saturation distribution of the previous case in Fig. 7. Note the excellent accuracy of the numerical results from the multiscale
methods of MSOM and MSAT. The largest saturation errors are localized in the regions where the permeability is very low.
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Fig. 21. Saturation distribution at t ¼ 4so in Case 3 with Dirichlet boundary condition.
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Furthermore, adaptive saturation calculation of MSAT yields numerical results that are quite close to the original multi-
scale method without adaptive transport (MSOM) [18]. In Table 2, L2 norms of MSOM and MSAT, with respect to the reference
solution (FM), are tabulated for various time steps, and the adaptivity ratios in pressure and saturation calculations are also
presented. As shown in Figs. 15, the adaptivity of saturation computation is similar to that for the homogeneous case. Pro-
longation Operator I is employed mainly around steep saturation gradients, and Prolongation Operator II is then used until
the saturation distribution becomes established.

The cumulative oil recovery and the produced oil fraction are plotted in Fig. 16. The production histories of the multiscale
methods (MSOM and MSAT) are hardly distinguishable from the fine-scale reference solution (FM). This numerical example
with log-normal permeability clearly demonstrates that the adaptive transport algorithm is highly efficient and quite
accurate.

6.3. Case 3: Highly heterogeneous model

The permeability field is adapted from the top layer of the SPE 10 Problem [8] with a fine-grid of 220� 54. A 20� 6
coarse-grid (i.e., a coarsening factor of 11� 9) is imposed. The log- permeability field is shown in Fig. 17. The initial pressure
is 4000 psi. The left boundary is kept at a constant pressure of 4000 psi with water injection, and the right boundary is kept
at a constant pressure of 1000 psi with reservoir fluid production. As the production and injection rates are continuously
changing with time, we define a characteristic time
Fig. 22.
Operato
so ¼
/L2

x
�l

�kjpleft � prightj
; ð53Þ
where �l and �k denote characteristic viscosity and permeability, respectively, and Lx is the model dimension in x-direction.
The arithmetic average of water and oil viscosity is chosen as �l and the geometric average of permeability as �k.

The pressure and saturation distributions at t ¼ so and t ¼ 4so from the reference solution and multiscale methods are
depicted in Figs. 18–21, respectively. Even though the model contains a highly heterogeneous permeability field, the pres-
sure field in Figs. 18 and 20 exhibits a simple profile along the flow direction due to the Dirichlet boundary conditions and a
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Adaptive saturation computation for three time steps in Case 3: the white and black squares, respectively, denote the region where Prolongation
r I and II was applied, respectively, at least once, in iterative saturation calculation for this time step.
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much larger domain length compared to its width. On the other hand, the saturation distribution clearly indicates that the
underlying distribution of heterogeneity results in a complex saturation field, as seen in Figs. 19 and 21. Prolongation Oper-
ator I was used in only a few regions, either around the saturation fronts or where the total-velocity changes significantly
during the timestep, as shown in Fig. 22. This result is clearly shown in Table 3. The fraction of Operator I application is less
than 5% in all the listed time steps; and in later times, Operator III is employed in most of the domain. The cumulative oil
recovery and the oil fraction in production are plotted in Fig. 23. The fine-scale results and the multiscale results are in excel-
lent agreement, in spite of the high degree of heterogeneity and the large correlation lengths. The results of the adaptive
multiscale transport computations and the original multiscale method are nearly identical. Due to the strong heterogeneity,
we observe slightly larger discrepancy between the fine-scale and multiscale results in this example. However, we believe
that this level of accuracy is within the acceptable limits for engineering applications. In Table 3 L2 norms of MSOM and
MSAT, with respect to the reference solution (FM), are also tabulated for various times, and the adaptivity statistics in pres-
sure and saturation calculation are also presented. Even in this highly heterogeneous problem, the adaptivity ratios of pres-
sure and saturation are not much different from the previous examples. Since the saturation adaptivity requires Prolongation
Operator I (expensive Schwartz-overlap method) only for 2–5% of the domain, the new algorithm (MSAT) is significantly
more efficient than the original multiscale algorithm (MSOM).

6.4. Case 4: Three-dimensional models

In order to examine CPU improvement by the new adaptive transport algorithm (MSAT), we constructed two three-
dimensional models with 97,200 cells ð45� 45� 48Þ and 995,328 cells ð144� 144� 48Þ. Permeability fields are generated
by a sequential Gaussian simulation method [10]. The logarithm of permeability has the Gaussian distributed histogram with
Table 3
Error norms and adaptivity statistics for Case 3: the variables are defined in the caption of Table 1.

t ðsoÞ ep es fpð%Þ fI ð%Þ fII ð%Þ

MSOM MSAT MSOM MSAT MSOM MSAT MSAT MSAT

1 7.37e�3 7.88e�3 3.20e�2 3.87e�2 3.78 3.76 4.20 7.35
2 6.94e�3 7.90e�3 4.12e�2 5.07e�2 4.41 4.49 4.28 15.77
3 7.28e�3 7.85e�3 3.14e�2 4.20e�2 4.65 4.79 3.82 24.85
4 7.14e�3 7.59e�3 2.35e�2 3.54e�2 4.55 4.61 3.40 30.22
5 7.07e�3 7.26e�3 1.96e�2 3.19e�2 4.24 4.25 2.96 31.47
6 7.07e�3 7.14e�3 1.73e�2 2.99e�2 3.87 3.89 2.58 29.98
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Fig. 23. Cumulative oil recovery and oil fraction in production (oil cut) in Case 3.



Table 4
CPU comparisons for 3-d models at t ¼ 0:6 PVI.

Number of cells 97,200 995,328

Fine-scale (FM) CPU (min) 25.6 1618.7
Original MS (MSOM) CPU (min) 13.3 281
Adaptive MS (MSAT) CPU (min) 10.1 133
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a mean of 50 md and standard deviation of 1.5. The same coarse-grid model of 9 � 9� 6 is used for these two models. The
CPU times for 0.6 PVI are shown in Table 4.

For the small model with 97,200 cells, the original MSFV (MSOM) and the MSFV with adaptive transport algorithm
(MSAT) reduced CPU by 48% and 61%, respectively, over the fine-grid simulation. Furthermore, for the large model with
995,328 cells, the CPU improvement becomes very significant; 83% CPU reduction by MSOM and 92% CPU reduction by
MSAT. The numerical efficiency improvements by MSFV are naturally problem-dependent. As the model size becomes large,
we expect MSOM and MSAT to speed up simulation runs drastically. We also note that for the large 3-d model MSFV with
adaptive transport algorithm can improve numerical efficiency by a factor of two or more over the original MSFV.

7. Concluding remarks

The focus of this paper was the development of a multiscale finite-volume (MSFV) method for solving the nonlinear mul-
tiphase transport problem (i.e., saturation equations). A two-level algebraic framework, with appropriate definition of the
prolongation and restriction operators, is used to describe the multiscale treatment of both flow and transport. The prolon-
gation and restriction operators for the pressure, which rely on basis functions computed on a dual coarse grid, proposed by
Jenny et al. [18] are used here. The transport equations for saturation are nonlinear and hyperbolic; as a result, coarsening
and interpolation operators for saturation cannot, in general, be formulated via generic basis functions as for the pressure
equation. We propose a conservative restriction operator and three adaptive prolongation operators to deal with the satu-
ration field. For the timestep under consideration, different prolongation operators are used based on the region that the par-
ticular coarse cell belongs to. Specifically, we divide the coarse-grid into three regions: (1) Region 1 where the injection fluid
has not yet invaded the cell, (2) Region 2 where an injection front encroached and the saturation of the injection fluid in-
creases rapidly, and (3) Region 3 where the saturation changes slowly after the sharp front has moved through. A criterion
to identify the transition between the various regions is proposed. In Region 1, the transport computations can be completely
skipped; whereas in Regions 2 the local fine-scale transport equations are solved iteratively using a coarse-grid (Prolonga-
tion Operator I). Finally in Regions 3, we developed two efficient approximate prolongation operators: Prolongation Operator
II that reconstructs the fine-scale velocity and is locally conservative on the fine-grid, and Prolongation Operator III, which
interpolates saturation changes to yield a locally conservative scheme, but only on the coarse-grid. We observed that Pro-
longation Operators II and III provide very accurate numerical results for the test problems, except for local regions around
saturation fronts.

The new method was tested using various models with homogeneous and heterogeneous permeabilities. It was clearly
demonstrated that the multiscale results with adaptive transport calculations are in excellent agreement with the fine-scale
solutions. Furthermore, the adaptivity of flow and transport equations in the MSFV of this paper are more computationally
efficient compared with the original MSFV approach, which is already significantly more efficient than conventional fine-
scale strategies. The current algorithm has been tested for two- and three-dimensional, incompressible two-phase flow with-
out gravity and capillary pressure. We are working on extending the implementation to three-dimensional domains and
incorporating compressibility, gravity, and capillary forces.
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